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(Dated: September 24, 2018)
We construct the effective model based on QCD with gluon condensate. Under the assumption
that the gluons are condensed with the sharp momentum peak in the momentum space, we formu-
late the effective field theory incorporating both the gluon condensate and the chiral condensate,
then study the phase transition on temperature and chemical potential plane with respect to two
condensates. We find that the condensates decrease with increasing temperature, which is reliable
tendency on the condensate being consistent with the argument of the asymptotic behavior.
PACS numbers: 11.10.Wx, 12.38.-t, 12.40.-y
I. INTRODUCTION
The first principle theory for quarks and gluons is
quantum chromodynamics (QCD), whose goal is to ex-
plain all the phenomena relating to the strong interac-
tion. However, it is known to be difficult since usual
perturbative technologies in the quantum theory calcula-
tions hardly works for low energy physics in which non-
perturbative effect dominates the system then compli-
cates the analyses. One of characteristic features is non-
trivial gluon and chiral condensates in the nonperturba-
tively correlated system due to the strong interaction. It
is challenging to derive the condensates relying on the
perturbative quantum field analyses, then one usually
has to use some effective models of QCD for the sake
of describing the low energy physics, such as properties
of hadrons.
There has been a lot of investigations on low energy
phenomena based on various effective theories treating
the gluon and chiral condensates. The instanton includes
the gluon condensate though the solution to the classi-
cal field equation [1], and various applications have been
done [2–5]. QCD sum rule is formulated by the expan-
sion of the correlation functions in the vacuum conden-
sates [6], which is as well widely used for many appli-
cations [7–9]. The Schwinger-Dyson equations (SDE)
are the equations for the exact correlation functions of
fields [10], and there has been devoted to a lot of analy-
ses [11–14]. The Nambu–Jona-Lasinio (NJL) model [15]
is constructed using the analogy with the BCS the-
ory for superconductivity [16]; the model studies the
hadron properties based on the back ground chiral con-
densate [17–21]. An extension of the NJL model has
been made in [22] where the Polyakov-loop contribution
is incorporated into the chiral dynamics, and extensive
analyses on both the chiral and gluon loop condensates
have been performed in the Polyakov loop NJL (PNJL)
model [23]. Thus the issues on the gluon and chiral con-
densates are essential in the study of hadron physics,
there we believe these two condensates are intimately re-
lated to each other.
In this paper, we construct the effective model based
on QCD by postulating that gluons form the conden-
sation whose momenta have the sharp peak at the QCD
scale [24]. The speculation is inspired by the experiments
of the momentum in the Bose Einstein condensate (BEC)
state where the clear peak in the momentum distribution
is actually observed. We then consider the analogy be-
tween the BEC state and the gluon condensed state as
done in a chiral effective model motivated from the BCS
analogy. To be more concrete, we are going to formu-
late the gap equation for the gluon condensate from the
QCD under the above mentioned assumption with gluon
condensate. It may be important to remark that the so-
lution of the gap equation for the gluon condensate at
high temperature behaves badly, since many bosons can
unlimitedly occupy the same point due to the statistical
property of bosonic fields to cause the catastrophic situa-
tion in the gap equation. Therefore the special attention
should be paid when one treats the solution at high tem-
perature near the phase transition. However, although
the high temperature results do not behave nicely, mean-
ing that the plots deviate from the expected ones from
the BEC experimental data, we find that the tendency
of the gluon condensate shows physically reliable feature
as will be presented later. We then proceed the analyses
based on the gluon condensate by using the gap equa-
tion with simple form. Here the purpose of this letter
is twofold: first, to construct the QCD motivated effec-
tive model based on the anzatz of the gluon condensate
and second, to see how the obtained model describes the
thermodynamic properties and how it affects to the chiral
condensate.
The paper is organized following. We formulate the
gap equations for the gluons, quarks, and coupled system
in Sec. II. The numerical solutions for the gap equations
in the separate models are shown in Sec. III. Secs. IV
and V are devoted to the investigations on the thermody-
namic quantities and the phase structure in the coupled
model. The conclusions and some subsidiary calculations
are given in Sec. VI and Appendices.
II. QCD WITH GLUON CONDENSATE
Starting from the QCD Lagrangian, we are going to
evaluate the effective potential under the hypothetical
situation of the condensed gluons. Thereafter the gap
2equations for the gluon and chiral condensates, and their
coupled equation are derived.
A. Gluon gap equation
The Lagrangian for gluon is given by
Lg = L
0
g + L
3
g + L
4
g, (1)
L0g = −
1
4
(∂µA
a
ν − ∂νA
a
µ)
2, (2)
L3g = −gf
abc(∂µA
a
ν)A
µbAνc, (3)
L4g = −
1
4
g2(feabAaµA
b
ν)(f
ecdAµcAνd), (4)
where Aµ is the gluon field, g is the coupling constant for
the strong interaction and fabc is the structure constant
with respect to the SU(3) color system.
The effective potential can be evaluated through the
relation, Ωg ≡ − lnZ/V with the partition function Z
and the volume of the system V , whose explicit form
becomes
Ωg = −
1
V
∫
d4x 〈Lg〉 −
i
2V
ln det
〈
−
δ2Lg
δAaµδA
b
ν
〉
+ · · ·
(5)
where the bracket expresses the expectation value of the
quantity, Oex ≡ 〈O〉.
Before proceeding the calculation of the effective po-
tential, we present the main assumption on the gluon
fields here. The characteristic treatment of the gluon
field is that we assume the fields are condensed then have
non-zero expectation value. The usual Feynman rule for
the two-point function on the gluon is the amplitude
〈
Aaµ(x)A
b
ν(x)
〉
p
= gµνδ
ab
∫
d4p
(2π)4
−i
p2 + iǫ
. (6)
calculated from the perturbative gluon propagator. The
amplitude badly diverges due to the loop integral, then
we need to perform the renormalization so that one gets
finite physical predictions. Here, we postulate that the
exact renormalized two-point function has the following
expectation value,
〈Aaµ(x)A
b
ν (x)〉ex = gµνδ
abφg, (7)
which is made to be finite by virtue of the renormaliza-
tion, and we call the quantity φg as the gluon condensate.
Eq.(7) is the key hypothesis employed in this paper.
Let us now carry out the evaluation of the effective po-
tential with the help of the above mentioned ingredients.
The non-zero contribution in the first term of Eq. (5)
stems from the four-point interaction [24],
〈Lg〉 = −72g
2φ2g. (8)
Note that 〈L3g〉 = 0 due to the antisymmetric property of
the structure constant fabc. It is also straightforward to
evaluate the second term in Eq. (5), which reads
−i
2V
ln det
〈
−
δ2Lg
δAaµδA
b
ν
〉
=
−i
2V
ln det
[
gµνδab
(
−p2 + 9g2φg
)]
= −16i
∫
d4p
(2π)4
ln
[
−p2 +M2g
]
, (9)
with the effective gluon mass M2g = 9g
2φg. Then the
effective potential can be combined as
Ωg = 72g
2φ2g − 16i
∫
d4p
(2π)4
ln
[
−p2 +M2g
]
, (10)
and its finite temperature (T ) and chemical potential (µ)
extension is given by
Ωg = 72g
2φ2g
+ 16
∫
d3p
(2π)3
[
Eg + T
∑
±
ln(1− e−βE
±
g )
]
, (11)
where E±g = Eg ± µg with the chemical potential for
gluons and Eg =
√
p2 +M2g . The brief derivation of the
effective potential is presented in Appendix A.
In this model, we treat the gluon condensate as the
order parameter whose expectation value is determined
by searching the minimum of the effective potential,
∂Ωg
∂φg
= 0. (12)
The solution corresponds to the stational point of the
effective potential, and the obtained equation can be re-
duced to
φg =
∫
d4p
(2π)4
−i
p2 −M2g
. (13)
This indicates the one-loop amplitude of the effective
gluon propagator,
Dgeff(p) =
−i
p2 −M2g
. (14)
with the effective gluon mass Mg. Thus the equation
forms the self consistent system. The finite temperature
and chemical potential extension of Eq. (13) becomes
φg = −
∫
d3p
(2π)3
1
2Eg
[
1−
∑
±
1
eβE
±
g − 1
]
. (15)
This is the gap equation for the gluon condensate which
we will numerically solve in the next section.
3B. Quark gap equation
To obtain effective quark contribution, we fist consider
the four-fermion interaction in the two-flavor system fol-
lowing the discussion given in [24].
The QCD Lagrangian density is written by
LQCD = L
0
q + LI + Lg, (16)
L0q = q(i∂/−m)q, (17)
LI = gqγ
µtaqAaµ, (18)
The partition function can be expanded by using the Tay-
lor series as
ZQCD =
∫
Dq
∫
DA exp
[
i
∫
d4xLQCD
]
=
∫
Dq
∫
DAei
∫
d4xL0
∞∑
n=0
1
n!
(
i
∫
d4xLI
)n
, (19)
with L0 = L
0
q + Lg. Here we are interested only in the
quark contribution, then focus on the amplitude,
Zq ∝
∫
Dq
∫
DAei
∫
d4xL0q
[
1 +
1
2
(
ig
∫
d4xLI
)2]
.
(20)
The explicit form of the above equation is written by
Zq ∝
∫
Dq
∫
DAei
∫
d4xL0q
×
[
1 +
1
2
(
ig
∫
d4xqγµtaqAaµ
)2]
. (21)
The four-fermion contact interaction can be derived by
assuming the gluons have sharp momentum peak around
some specific energy scale in the propagator,
〈
Aaµ(x)A
b
ν(y)
〉
p
=
∫
d4p
(2π)4
−igµνδab
p2 + iǫ
e−ip·(x−y). (22)
The replacement p2 → η2g leads
〈
Aaµ(x)A
b
ν (y)
〉
const
=
−igµνδab
η2g
δ(4)(x − y), (23)
and it induces the four-fermion contact interaction
Zq ≃ NA
∫
Dqei
∫
d4xL0
×
[
1 +
ig2
2η2g
∫
d4x (qγµtaq) (qγµt
aq)
]
. (24)
with the over all factor NA with respect to the gluon
integration. Putting back the resulting term into the ex-
ponential using 1+ ǫ ≃ eǫ, we have the following effective
Lagrangian for quarks
Leff = q(i∂/−m)q +
g2
2η2g
(qγµtaq) (qγµt
aq) . (25)
This is how we derive the four-fermion contact interaction
based on QCD with condensed gluons.
The applications of the mean field approximation,
φq ≃ 〈q¯q〉, after the Fiertz transformation gives
L˜q = q¯(i∂/− Mˆ)q − 2G(φ
2
u + φ
2
d), (26)
where G = 2g2/(9η2g) and Mˆ is the diagonal matrix with
Mq = mq − 4Gφq. One can evaluate the effective poten-
tial from the above mean-field form,
Ωq = 2G(φ
2
u + φ
2
d)
− 2Nc
∑
q
∫
d3q
(2π)3
[
Eq + T
∑
±
ln
(
1 + e−βE
±
q
)]
,
(27)
with the number of colors Nc(= 3), E
±
q = Eq ± µq and
Eq =
√
q2 +M2q . From the stable condition of the effec-
tive potential, one has the gap equation,
φq = −tr
∫
d4q
(2π)4
i
q/ −Mq
, (28)
where the right hand side expresses the one-loop ampli-
tude of the propagator for quarks
Sqeff(q) =
i
q/−Mq
, (29)
as seen in the gluon case. The finite temperature and
chemical potential form becomes
φq = −4NcMq
∫
d3q
(2π)3
1
2Eq
[
1−
∑
±
1
eβE
±
q + 1
]
. (30)
As frequently studied in quark effective model analyses,
this gives the expectation values of the chiral conden-
sates. Although this model is the same with the NJL
model, we call it as the pure quark model in this letter to
explicitly distinguish the model with gluon condensate.
C. Coupled equations
We have evaluated the effective potential both for
the gluon and quark condensates above. One should
note that the obtained forms compose the decoupled
system since we set the effective coupling strength for
four-fermion interaction as the constant. However, it is
expected that the effective four-fermion interaction be-
comes weak at high temperature where the gluon con-
densate is as well expected to be small. Then we modify
the form for the four-point coupling so that one can con-
struct more reliable effective theory.
The constant property comes from the Eq. (23) in
which the expectation value 〈AaµA
b
ν〉 set to be constant.
Here we modify this relation by〈
Aaµ(x)A
b
ν(y)
〉
= −igµνδ
ab · cφgδ
(4)(x− y), (31)
4with the constant c, which enables us to incorporate the
temperature dependence into the effective coupling. Note
that the treatment in Eqs. (7) and (23) is essentially dif-
ferent; the former is obtained after the renormalization,
and the latter still keeps the divergent contribution at
y = x. The relation between these quantities are non-
trivial, therefore we introduce the coefficient c in Eq. (31).
Determining the coupling structure, we see the effective
potential of the whole system,
Ω = 72g2φ2g +
4
9
g2cφg(φ
2
u + φ
2
d)
+ 16
∫
d3p
(2π)3
[
Eg + T
∑
±
ln(1− e−βE
±
g )
]
− 6
∑
q
∫
d3q
(2π)3
[
Eq + T
∑
±
ln
(
1 + e−βE
±
q
)]
, (32)
where Mq = mq − 8/9 g2cφgφq appearing in the quasi-
particle energy for quarks, Eq. The coupled gap equa-
tions are calculated by the following simultaneous condi-
tion,
∂Ω
∂φg
= 0,
∂Ω
∂φq
= 0. (33)
The above conditions give the explicit forms,
φg =−
c
324
(φ2u + φ
2
d)−
∫
d3p
(2π)3
1
2Eg
[
1−
∑
±
n(E±g )
]
−
c
27
∑
q
∫
d3q
(2π)3
φq
2Eq
[
1−
∑
±
f(E±q )
]
, (34)
φq =− 4NcMq
∫
d3q
(2π)3
1
2Eq
[
1−
∑
±
f(E±q )
]
, (35)
with the distribution functions, n(E) = (eβE − 1)−1 and
f(E) = (eβE + 1)−1, for bosons and fermions. These
equations will give the expectation values of the gluon
and chiral condensates.
III. SEPARATE MODELS
We have formulated the effective models for the gluon
and chiral condensates in the previous section. We will
now present actual numerical analyses concerning on the
pure gluon and quark models.
A. Pure gluon model
Since the one-loop integral in the gap equation di-
verges, we need to introduce some regularization proce-
dure to obtain finite model predictions. It is important
to note that the gluon condensate becomes negative if
we apply the three- or four-momentum cutoff schemes as
usually introduced for the pure quark model, which leads
the negative mass square M2g < 0. The negative mass
square behaves badly in calculating the thermodynamical
quantities, so we shall employ the dimensional regular-
ization prescription which gives the positive gluon con-
densate [25], namely the positive mass square. The more
detailed discussions on the sign of the condensate and
the regularization prescriptions are presented in Apps. B
and C. In the model with the dimensional regulariza-
tion the gluon part has three parameters, the spacetime
dimension D in the loop integral, the mass scale M0,
and the coupling constant for the strong interaction g.
The coupling is chosen to be g = 1.12 from the consid-
eration on the quark sector with ηg = 225MeV, which
will be discussed later. As for the remaining parame-
ters, we set D = 2.17 and M0 = 67MeV so that we have
Mg = 225MeV(= ηg) at zero temperature and the critical
temperature T gc = 270MeV for pure gluon sector.
Figure 1 displays the numerical results of the gluon
condensate. One sees that the condensate gradually de-
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FIG. 1. The gluon condensate.
creases for low temperature, then suddenly drops around
T = 270MeV. It should be mentioned that the gap equa-
tion allows a negative value for the solution, in which
we regard unphysical mode so we set φg = 0 for the
region corresponding to the case with the negative con-
densate. From the plots of the gluon condensate, we see
that the curve actually shows the tendency of the sym-
metry restoration at finite temperature, which, we think,
is the desired solution of the gap equation for the gluon
condensate, Eq. (15).
B. Pure quark model
When one sets the effective coupling strength for four-
fermion interaction to be a constant, the model reduces
to the NJL model as mentioned above, and which has five
parameters: the gluon energy scale ηg, three momentum
cutoff Λq, the coupling constant for the strong interac-
5tion g, the current quark masses mu and md. We con-
sider the isospin symmetric case mu = md(= mq) since
the mass difference between the up and down quarks is
small comparing to the hadronic scale. Here we chose
the value mq = 5.5MeV for the current quark mass, and
ηg = 225MeV for the gluon energy scale which is from
the proton radius rP ≃ 0.87fm. We then fix the remain-
ing parameters by Λq = 631MeV and g = 1.12 so that
the model reproduces the observed pion mass and decay
constant, mπ = 138MeV and fπ = 93MeV following [19].
The numerical results of the chiral condensates for cur-
rent quark massmq = 0 and 5.5MeV are shown in Fig. 2.
These are frequently drawn curves calculated in a lot of
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FIG. 2. The chiral condensate for mq = 0 and 5.5MeV with
other parameters fixed.
preceding works, where the absolute value of the chiral
condensate decreases at high temperature. The curve
becomes smoother for the massive current quark mass
case, which comes from the effect of the explicit sym-
metry breaking. The critical temperature of the chiral
phase transition (defined by the maximum change of the
condensate with respect to T and/or µ) for the above
parameters set becomes T qc = 178MeV, being close to
the expected value from the lattice QCD simulations,
T qc ≃ 175MeV [26].
C. Comparisons with BEC and BCS
It may also be interesting to compare the results of
the current model and the actual experimental data of
the BEC state and the prediction from the BCS theory.
Figure 3 plots the temperature dependence on the
gluon condensate and the condensed atoms in the BEC
state. The dashed curve is the fitted result
N0
N
= 1−
(
T
Tc
)3
− 4a
(
T
Tc
)7/2
, (36)
with a = 0.01, where the transition temperature is
Tc = 142nK for 87Rb [27]. One confirms that the two re-
sults basically show the resemblance, while curves a bit
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FIG. 3. Comparison with the fit of the BEC experimental
data for the condensate atoms. The dashed curve is drawn
by using the fitted formula, Eq (36) [27].
deviate. The deviation arises due to the difference be-
tween fitted formula and our gap equation. We note that
the condensate drops rapidly at high temperature around
Tc, which comes from the characteristic property of the
Bose-Einstein distribution function, n(E). The term can
become infinitely large for eβEg ≃ 1, then causes cru-
cial effect on the solution at high temperature. This is
the numerical reason on the drastic behavior of the con-
densate and its deviation from the BEC data at high
temperature.
Although there exists the deviation from the expected
behavior, we still think that the gap equation captures
the phenomena of the phase transition at the satisfac-
tory level for practical usage. We then regard Eq. (15)
as the effective gap equation for the gluon condensate,
then proceed the calculations on various thermodynamic
quantities based on it.
We can as well check the similarity between the results
of the chiral condensate and the BCS theory for super-
conductivity as seen in Fig. 4. The solid and dotted plots
are the obtained chiral condensate in the pure quark sec-
tor for mq = 0 and 5.5MeV, and the dashed one is the
prediction from the BCS gap equation,
~ω
Nv
=
∫ ~ω
0
dξ
1
Eξ
[
1−
2
eβEξ + 1
]
, (37)
where N is the number density, v is the potential of the
system, and Eξ =
√
ξ2 +∆2 with the BCS gap energy
∆ [28]. The parameters in the BCS gap equation are
chosen as Nv = 0.3~ω with ~ω = 8.98× 10−3eV so that
we have Tc = 4.2K for Hg. One notes that the lines of
the chiral condensate for massless case and the BCS gap
energy are very close as seen in the figure. This is due to
the similarity of the quark gap equation and the BCS gap
equation as obviously confirmed by Eqs. (30) and (37).
The model with massive current quark gives smoother
decrease with respect to T since the chiral condensate
can not be restored completely with the non-zero current
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FIG. 4. Comparison with the result from the BCS theory
for the gap equation, Eq (37), in superconductivity (dashed
curve). The solid and dotted curves exhibit the results in the
pure quark model for mu = 0 and 5.5MeV with the other
parameters fixed.
quark mass.
We have thus seen that both the gluon and chiral con-
densates resemble with the behavior of the BEC and BCS
states. We believe this is indeed natural since our original
motivations for the model constructions come from the
analogies with these two typical phenomena in condensed
matter physics.
IV. COUPLED MODEL
We have tested the condensates through the two gap
equations separately in the previous section. Let us now
discuss what happens when we consider the coupled sys-
tem based on the simultaneous equations, Eqs. (34) and
(35).
The coupled model has six parameters: the current
quark masse mq, three-momentum cutoff Λq, coupling
constant for the strong interaction g, spacetime dimen-
sions D, the mass scale M0 and effective coupling coeffi-
cient c. We set these values by
mq = 5.5MeV, Λq = 631MeV, g = 1.12,
D = 2.17, M0 = 67MeV, c = 0.439× 10
−8MeV−4.
Here we again present the reasoning on the above pa-
rameter choices. mq is guessed from the data by Particle
Data Group [29] around the scale ∼ 1GeV. Λq and g are
fitted so that the model leads the observed pion mass and
decay constant mπ = 138MeV and fπ = 93MeV in the
pure quark model following [19]. D and M0 are set so as
to produce the valuesMg = 225MeV at zero temperature
and T gc = 270MeV in the pure gluon model. c is chosen
to make the effective quark mass to be Mq = 335MeV at
T = 0 and µ = 0 in the coupled model. With these fit-
ted parameters, we shall be studying the coupled system
through solving the gap equations.
A. Gluon and chiral condensates
Figure 5 shows the obtained solutions for the gluon
and chiral condensates. We note that the decrease of the
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FIG. 5. Gluon and chiral condensates normalized by φ0g =
(67MeV)2 and φ0q = (−247MeV)
3.
chiral condensate starts at lower T compared to the pure
quark model, while the solution for the gluon condensate
is not affected in the coupled system. This can be under-
stood by the following observations; the effective coupling
for the four-fermion interaction gets weak at high tem-
perature since the gluon condensate is smaller for high
T , which lowers the critical temperature of the chiral
phase transition. While the corresponding coupling on
the gluon part is constant, and does not relate to the
strength of the chiral condensate. Therefore, the critical
behavior of the gluon condensate can not be affected by
the quark part.
The obtained solutions may be reasonable in the cur-
rent model study where the underlying assumption is
that the quark condensate coming from the effective four-
fermion interaction is driven by the gluon condensate.
Considering the above mentioned property of the coupled
equations, we will pay the attention to the difference on
the quark system between the coupled and pure quark
models in what follows.
B. Comparison with pure quark model
We see that the chiral condensate is influenced by the
gluon condensate through the four-point interaction. It
may be interesting to compare how the chiral condensate
changes due to the gluon fields in the coupled system.
The influence of the gluon condensate effect is shown
in Fig. 6, where the decrease starts at the lower temper-
ature in the coupled model. As mentioned above, this
is straightforward consequence of the weakened effective
coupling. The critical temperature for the coupled model
and pure quark model are T qc = 149MeV and 178MeV,
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FIG. 6. The chiral condensates.
respectively. Thus we numerically confirm the change of
the critical temperature being around 30MeV.
C. Pressure
It may be intriguing to study the pressures which are
defined by
Pg = −
[
Ωg(T, µ)− Ωg(0, 0)
]
, (38)
Pq = −
[
Ωq(T, µ)− Ωq(0, 0)
]
. (39)
So they are set by the difference of the effective potential
from the value at T = 0 and µ = 0.
The pressure from the gluon sector in the coupled mod-
els is displayed in the upper panel of Fig. 7. It should be
noted that the gluon sector generates the same curve in
the coupled and pure gluon models as discussed in Sec.
IVA, therefore we only show the result of the coupled
model for the gluon part. It is as well to be noted that
the gap equation leads the unphysical solution with the
negative mass square above T gc = 270MeV, there we do
not show the result since the thermodynamic quantities
are not well defined above Tc in the current model anal-
yses. The pressure of the gluon contribution normalized
by π2T 4/90 increases for low T , then decreases at high
temperature. The decrease at high T numerically comes
from our choice of the dimensional regularization method
where the dimensions in the integral is smaller than four,
then the contribution from the temperature dependent
term is suppressed.
The interesting difference is seen in the lower panel of
Fig. 7 where the pressures from the quark sector are plot-
ted both in the coupled and pure quark models. The con-
tribution becomes negative for low T and rises up for high
T in the coupled model, while it monotonically increases
with temperature in the pure quark model. This may
indicate that the background gluon condensate tends to
suppress the quark excitations in the confined state. On
the other hand above T qc , these two models produce the
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FIG. 7. Gluon and quark pressures.
same results since there the effective quarks turns into
current quarks and the temperature contribution domi-
nates the system.
D. Susceptibilities
The number density and susceptibility evaluated by
Ng = −
∂Ωg
∂µg
, Nq = −
∂Ωq
∂µq
, (40)
χg = −
∂2Ωg
∂µ2g
, χq = −
∂2Ωq
∂µ2q
, (41)
are important thermodynamic quantities which we will
present in this subsection.
Figure 8 plots the number density for the gluon and
quark sectors. It is seen that the curves for gluon sec-
tor and pure quark model indicate monotonic increase,
while Nq in the coupled model exhibits different feature;
the density becomes negative for low T then gets larger
for high T . Although the negative number density seems
to be unphysical which comes from the negative pres-
sure, we get positive density being close to the one from
the pure quark model above T qc ≃ 150MeV as has been
expected.
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The susceptibilities for the gluon and quark sectors are
displayed in the upper and lower panels in Fig. 9. One
notes a similar tendency on these results; the gluon sector
and pure quark model draw the monotonically increasing
lines, and the coupled model has negative value for low
T .
We thus find the non-monotonic structure on the num-
ber density and susceptibility for the quark sector in the
coupled model; the quark excitations are suppressed at
low temperature. This is basically due to the change of
the effective four-fermion coupling in the coupling sys-
tem.
V. CHIRAL PHASE TRANSITION
We have seen the effect of the gluon condensate on the
chiral condensate at finite temperature in the previous
section. We think now it is interesting to study the sys-
tem with finite quark chemical potential, in particular,
the phase structure on the chiral phase transition.
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A. Phase diagram of chiral condensate
We show how the phase transition of the chiral conden-
sate has influence from the back ground gluon conden-
sate in Fig. 10. The region of the broken phase shrinks
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FIG. 10. Phase diagram for the chiral condensate. The cir-
cle (square) represents the critical point in the coupled (pure
quark) model.
toward the lower temperature direction when one con-
siders the coupled model, and there does not appear the
9noticeable difference on the critical chemical potential
for low T . This feature can easily be understood, since
the gluon condensate becomes smaller at finite tempera-
ture. On the other hand, it is expected not to receive
drastic change from the finite quark chemical poten-
tial µq, then the transition chemical potentials are the
same between these models. It may be worth aligning
the actual values of the critical chemical potential and
temperature for two models. The coupled model gives
(µqCP, T
q
CP) = (329MeV, 45MeV), and the pure quark
model does (µqCP, T
q
CP) = (329MeV, 46MeV). Thus the
change of the critical point is negligibly small comparing
to the hadronic scale.
B. Susceptibilities at finite µq
We have previously calculated the quark number den-
sity and susceptibility in the temperature direction. We
think it is also interesting to see the finite quark chemical
potential behavior.
The comparison of the number density on the µ–T
plane within two models is shown in Fig. 11. Nevertheless
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the deviation at finite T and zero µq exists as observed
in Figs. 8 and 9, the difference is not visually confirmed
from the figure; then we may be able to conclude that
the influence from the gluon condensate is not drastic in
two models.
Also, the susceptibility is not considerably different as
easily expected by the above results on the number den-
sity, which is shown in Fig. 12.
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VI. CONCLUSIONS
We construct the effective model for the gluon and chi-
ral condensates starting from QCD with the assumed
gluon condensate in this paper. It is found that one
can consider the gap equation of the gluon condensate
through evaluating the effective potential. The solution
shows desired behavior to some extent for low temper-
ature region, while the transition near the critical tem-
perature is more drastic compare to the experimental ob-
servation of the BEC state. This apparent discrepancy
comes from the crucial distribution change at high tem-
perature in the Bose-Einstein statistics for bosons which
affects badly to the system of the gap equation. There-
fore, we believe that the further considerations on the
treatment of the gap equation for the gluon condensate,
especially at high temperature near the transition tem-
perature, should be given so that the model leads the
better description on the phenomena of the phase tran-
sition.
Through the investigation of the coupled model, we
studied how the gluon condensate affects to the chiral
sector, particularly on the thermodynamic quantities and
the critical phenomena. We find that the gluon con-
densate lowers the transition temperature, and suppress
the quark excitations, i.e., the pressure, number density
and susceptibility. Moreover, the gluon condensate ef-
fect reduces the critical temperature at high quark den-
sity. Here, it should be very important to note that the
transition temperature and the location of the critical
point are highly depends on the chosen regularization
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produce and parameters as already searched in a lot of
preceding works (see, e.g., [25]). Therefore it is neces-
sary to carefully see the parameter dependence on the
phase transition, which may be the future direction on
this model analyses. On the other hand, the tendency
that the gluon condensate suppresses the quark excita-
tions for low temperature may be the universal feature
of this kind of model with gluon condensate since the
suppression is also seen in the PNJL model studies [23].
We think that the current model is still at the primi-
tive level, since our purpose of the paper is to construct
the model incorporating the gluon condensate based on
QCD, then study the model behavior using the simplest
form as the first step analysis. The crucial point of our
simple model is the choice of the effective four coupling,
Eq. (31), in which we set the coupling to be proportional
to the gluon condensate. The numerical results shown
in this paper are mainly come from the choice of the
coupling. It may be needed to consider the form of the
coupling as the function of the gluon condensate, e.g.,
G = G(φg), for the sake of constructing more realistic
model. One more important point in our treatment is
that we do not study the effect from the gluon chemical
potential µg. In the real situation of the phase transi-
tion, the gluon chemical potential and quark chemical
potential relate each other, then they should be treated
simultaneously. This may also be future direction on this
kind of approaches in considering the gluon and quark
condensates.
The above mentioned future generalizations may be re-
quired and important. We believe that, since the current
model may have the possibility of connecting effective
models and the first principle theory of QCD, the fur-
ther investigations based on this analysis are interesting.
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Appendix A: The effective potential
The finite temperature extension of the one-loop con-
tribution in the effective potential can be performed as
follows.
In the imaginary-time formalism, we discretize the p0-
integral,
∫
d4pE
(2π)4
F (pE0,p)→ T
∞∑
n=−∞
∫
d3p
(2π)3
F (ωn,p), (A1)
then we need to take the summation
F = T
∞∑
n=−∞
ln
[
ω2n + E
2
]
, (A2)
with E2 = p2 + M2 and ωn = 2nπT for bosons and
ωn = (2n+ 1)πT for fermions. We first differentiate the
term with respect to E then divide by 2E,
1
2E
dF
dE
= T
∞∑
n=−∞
1
ω2n + E
2
, (A3)
here we can take the summation as
T
∞∑
n=−∞
1
ω2n + E
2
=
1
2E
[
1−
1
eβE − s
]
. (A4)
where s = 1 and −1 for the bosons and fermions, respec-
tively. Thereafter the integration of dF/dE on E gives
F = E + T ln[1− se−βE ], (A5)
which leads Eqs. (11) and (27).
Appendix B: Sign of the condensates
We see that the gluon condensate becomes negative if
we apply the three- or four-momentum cutoff method,
which lead the negative effective mass square. This also
happens in the scalar φ4 theory, and we are going to
discuss the issue of the sign using the φ4 theory for sim-
plicity.
Let’s consider the following Lagrangian,
Lφ4 =
1
2
(∂µφ)
2 −
1
4
λφ4, (B1)
where φ is the scalar field and λ is the four-point coupling.
This gives the effective potential,
Ωφ4 =
1
4
λφ4 −
i
2
∫
d4p
(2π)4
ln
[
−p2 +M2
]
, (B2)
with M2 = 3λφ2, then the gap equation (∂Ω/∂φ = 0)
leads
φ2 = −3
∫
d4p
(2π)4
i
p2 −M2
. (B3)
It is noted that φ2 becomes negative if one introduces the
four-momentum cutoff scale Λ as,
φ2 = −
3
16π2
[
Λ2 −M2 ln
(
Λ2 +M2
M2
)]
(B4)
which leads the negative mass square for Λ2 ≫ M2. To
remedy the situation, we usually perform the renormal-
ization through choosing a specific prescription, e.g., by
using the MS scheme we have
φ2r = −
3
16π2
[
M2 ln
M2
µ2r
]
, (B5)
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with the renormalization scale µr. Note that for µ
2
r >
M2, φ2r becomes positive, then we can avoid the un-
wanted negative mass square.
It is worth mentioning that we can have the positive
M2g as well for the gluon condensate at T = 0 if we apply
the renormalization prescription. However, the system
behaves badly at finite temperature when one consid-
ers the above mentioned renormalization. Here it is use-
ful to employ the dimensional regularization, because it
gives nice description both at zero and finite temperature
contributions simultaneously thanks to applied analytic
continuation. Therefore, for the sake of treating all the
contributions under consistent way in our effective model
analyses, we employ the dimensional regularization pro-
cedure for the gluon condensate.
On the other hand, we have for the fermion field,
φq = −tr
∫
d4q
(2π)4
i
q/ −Mq
(B6)
with Mq = mq − 4Gφq. Therefore one needs negative
φq in order to get the positive effective mass, and the
three- or four-momentum cutoff way nicely works. This
difference on the sign comes from the fact that fermion
is a Grassmann number, which gives the negative sign in
front of the third line of the effective potential, Eq. (32).
Appendix C: Regularization procedures
In the current model study, we employ the two types of
regularization schemes so as to obtain the positive mass
sign for Mg and Mq.
For the gluon integration, as mentioned above, we ap-
ply the dimensional regularization which is defined by
∫
d4p
(2π)4
→M4−D0
∫
dDp
(2π)D
, (C1)
where D represents the spacetime dimensions, and the
mass scale parameter M0 is introduced to obtain correct
mass dimensions for the integral.
The three-momentum cutoff scheme,
∫
d4p
(2π)4
→
1
2π2
∫ ∞
−∞
dp0
2π
∫ Λ
0
dpp2 (C2)
is the most frequently used method for the quark sector.
We introduce the cutoff scale in the loop integral for zero
temperature contribution, which gives the close curve to
the BCS theory prediction as seen in Fig. 4.
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